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Lecture 5

Lecturer: Aravind Srinivasan Scribe(s): Chaya G, Sajin, Subhashini V

The agenda for this class is as follows:

• The method of conditional probability.

• The kth moment method.

• The Normal and Poisson approximations.

• Chernoff bounds and it’s variants.

1 The method of conditional probability

The method of conditional probability was first brought out by Erdos and Selfridge [ES73]
and later by Raghavan [Rag88]. This method is a powerful tool that can help in derandom-
izing algorithms. If a problem used n random bits X1, X2, ..., Xn and we are interested in a
function ϕ on the bits: ϕ(X1, X2, ..., Xn), we might be able to use the method of conditional
probability there. In the Max-cut problem the function ϕ would translate to the number
of edges in the cut. To apply the method of conditional probability, we break the our algo-
rithm into smaller steps (still having randomness) and look at the conditional probability
of failure at each step. Say, at each step, we want the expected value of the function to be
atleast a i.e. E[ϕ(X1, X2, ..., Xn)] ≥ a. So, the task is to deterministically (and efficiently)
assign bit values to Xi’s such that ϕ(b1, b2, ..., bn) ≥ a. Since each Xi ∈ {0, 1}, we are
looking in the space {0, 1}n. But using this method, we can reduce our time from 2n to
log(n). The idea is similar to a binary search in the sense that we reduce our search space
by a half each time. If we are able to somehow get a guarantee that bi = 0 or bi = 1 then
we can reduce the search space by half. This is not possible at every single step, but the
application of this method ensures that we remain unscathed by our choices and would lead
us to a reasonably good result even if not the best.

Assume Xi ∈ {0, 1} and Pr[Xi = 1] = pi, all Xi’s are independent and we want
E[ϕ(X1, ..., Xn)] ≥ a. Also assume that by induction on i we have determined values
(b1, b2, ..., bi) : E[ϕ(b1, b2, ..., bi, Xi+1, ...., Xn)] ≥ a. This would essentially mean,

E[ϕ(X1, X2, ..., Xn)|X1 = b1, X2 = b2, ..., Xi = bi] ≥ a

The task to determine the next bit bi+1. We note that, E[ϕ(b1, b2, ..., bi, Xi+1, ...., Xn)] =

(1− pi+1)E[ϕ(b1, b2, ..., bi, 0, Xi+2, ...., Xn)] + (pi+1)E[ϕ(b1, b2, ..., bi, 1, Xi+2, ...., Xn)] ≥ a

Now, observe that this is a weighted average, so, atleast one of the 2 choices is definitely
is going to give us an expectation of atleast a. Hence, by induction we can see that even in
a general case this will always give us polynomial time result. (It’s polynomial because we
look at i from 1 to n.)
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1.1 Application to Max-cut

For the max-cut problem a will be m/2. We are looking at the expected value of the cut
to be atleast m/2. Say, till vertex vi (equivalently bi) we have determined which side of the
cut the vertex should belong to. So, for the (i + 1)th vertex, we see how many neighbours
(consider only those that have already been assigned to a partition) lie on each partition
and put it into that partition that gives us a larger cut. The critical point to note here is
that, it is sufficient if we ensure that the expected number of cuts is better than m/2. If
at each step we ensure that the expected outcome is going to be atleast m/2 it means that
there must be some set of values for the remaining Xi’s which would give us a cut of size
atleast m/2. So, it is enough, if at each step we assign the chosen vertex (vi+1 here) to a
partition that maximizes the expected number of cuts.

1.2 Pessimistic estimators

Raghavan in his work [Rag88] gave an approximation of the function ϕ, and called it a
pessimistic estimator. In the case where the conditional expectation cannot be evaluated
deterministically, we use an appropriate substitute or the pessimistic estimator (lets call
it ϕ′) which satisfies the following properties (it is easy to see why these properties are
required):

1. E[ϕ(b1, ..., bi, Xi+1, ..., Xn)] ≥ ϕ′(b1, ..., bi)

2. ϕ′ is efficiently computable and ϕ′() ≥ a (over an empty list).

3. max{ϕ′(b1, ..., bi, 0), ϕ′(b1, ..., bi, 1)} ≥ ϕ′(b1, ..., bi). Note that this is a non-decreasing
function. Thus, if ϕ′ was greater than a then so would be ϕ.

Remark If our expected function was to be minimized rather than maximized and we
were looking at an upper bound then these properties should be modified appropriately and
we would be looking at a non-increasing function with a change in the inequalities.

1.3 Ramsey Graphs

The conditional probability method gives us derandomized solutions for a number of graph
theroretic problems but one that still remains elusive is the derandomized construction of
Ramsey Graphs in polynomial time.

Definition 1(Ramsey Graphs) A graph G on n vertices is a Ramsey graph if it contains
no clique or independent set of size 2log(n)

It is easy to see the existence of such graphs. Let’s pick a graph at random. For any set
S on 2log(n) vertices, if k =

(
2log(n)

2

)
= (2log(n))(2log(n)−1)

2 , the probability that the graph re-
stricted to S will be a clique or an independent set is at most p = 2−k

2 . Now, the probability
that any subset is a clique or an independent set will be p×

(
n
k

)
. We can observe that this

probability is less than one. Hence, there must be a graph with no clique or independent
set of size 2log(n).
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However, the explicit construction of Ramsey graphs (deterministically) is still an open
problem. Frankl and Wilson [FW81] had a polynomial time construction for a graph with no
clique or independent set of size 2(log(n)log((log(n)))1/2 . More recently, Barak et. al [BRS+06]
showed construction of graphs with no clique or independent set of size 2(log(n))o(1)

2 kth moment method:

If k is even,

Pr[|X − µ| ≥ a] = Pr[(X − µ)k ≥ ak] ≤ E[(X − µ)k)]
ak

E[(X − µ)k)] is called the kth central moment.

2.1 Bellare and Rompel’s result:

Suppose X =
n∑
i=1

Xi, where Xi ∈ {0, 1} and the Xi’s are k-wise independent, for even k,

E[(X − µ)k)] ≤ 8 (µk + k2)k/2, where µ = E[X]
↑

A function tending to 1 and atmost 8

Sketch of Proof (Informal)
Recall that, E[X] =

∑
i≥1

Pr[X ≥ i]

⇒ E[(X − µ)k] ≤
∫∞
0 Pr[(X − µ)k ≥ t] dt

=
∫∞
0 Pr[(X − µ) ≥ t1/k] dt

Using Chernoff bound to simplify the above, we get the result.

2.2 Central Limit Theorem

Theorem 1 (CLT) If X1, X2, · · · are independent and identically distributed with mean =
0 and variance = σ2, then,

X1 +X2 + · · ·+Xn√
n

−→ N(0, σ2), as n→∞

N(µ, σ2) is the normal distribution with density function,
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f(x) =
1√
2πσ

exp

(
−(x− µ)2

2σ2

)
Convergence in distribution can be viewed as follows:

Two random variables u and v are said to converge in distribution, denoted by,
u −→ v if ∀[a, b]

lim
n→∞

Pr[u ∈ [a, b]] = Pr[v ∈ [a, b]]

2.3 p-stability

Given vector a = (a1, a2, · · · , an),

Definition 2 (Lp norm) ‖a‖p =

(∑
i

|ai|p
)1/p

A distribution D is called p-stable if ∀n, ∀a = (a1, · · · , an),

a1X1 + a2X2 + · · ·+ anXn ∼ ‖a‖pX

X1, X2, · · · , Xn are all from the distribution D and are independent, and X drawn from D.
Some examples:

• Cauchy distribution is 1-stable.

• Normal distribution is 2-stable.

Let’s take the special case where a = (1, 1) then, for normal distribution N , this says:

N(0, 1) +N(0, 1) =
√

2N(0, 1)

To see the simple proof. Assume the limit exists (it will be unique), and say it converges
to D. So we have:

X1+X2+...+Xn√
n

→ D, this holds true even if we take more samples:

X1 +X2 + ...+X2n√
2n

→ D (1)

So, now we can get D +D =
√

2D.

2.4 Poisson Distribution

Suppose X1, X2, ..., Xn are i.i.d {0, 1} with Pr[Xi = 1] = λ/n. If X =
∑
i

Xi then,

E[X] = λ. When each event is a Bernoulli event as in the above case, when n becomes
large and probability of each event decreases, the distribution can be modelled by Binomial
distribution and it can further be approximated to a Poisson distribution (which is less
cumbersome to handle). Thus,
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Pr[X = a] =
(
n

a

)(
λ

n

)a(
1− λ

n

)n−a
Taking limits on both sides and simplifying, we can arrive at:

∀a lim
n→∞

Pr[X = a] =
e−λλa

a!

The Poisson distribution has both it’s mean and variance as λ. It is widely used in the
context of networking - to model queues (for processes waiting to be scheduled). In cases
where the resources are limited and a number of processes need to access the resource, the
idea of stochastic multiplexing is used. We say that the processes wouldn’t all, at once,
request access to the resource but they’ll request for access to the resource at different times.
These times are approximated as Poisson distribution. Eg. In a network switch or router,
the packet arrival times are modelled as Poisson distribution.

2.4.1 Brun’s sieve

Let’s recall the hat example here. There are n people all with different hats who arrive at a
party. They leave their hats outside. The hats get all jumbled up. Finally, each person just
comes and picks up a hat at random. We are interested estimating the number of people
who get their own hat. Let,

Xi =

{
1 if the i person receives his or her own hat,
0 otherwise.

Pr[Xi = 1] = 1/n;X =
∑
i

Xi ⇒ E[X] = 1

Now, if we consider distinct i and j then,
Pr[i and j get their own hats correctly ] = (n−2)!

n! = 1
n(n−1) ∼

1
n2

If the events were actually independent then we would have got 1
n2 . But we have

something very close to that so we can say that the events behave like they are almost
independent. Brun’s seive says that when n get very large X converges in a distribution to
a Poisson random variable i.e. X → POI(1).

3 Chernoff Hoeffding Bounds

The idea of Chernoff bounds was due to S.N. Bernstein. For some motivation for chernoff
bounds let’s try to analyze the probability of deviation from mean using Bellare-Rompel
method for the following random variable X =

∑n
i=1Xi where each Xi ∈ {0, 1} and Xi’s

are k-wise independent, with Pr[Xi = 1] = Pr[Xi = 0] = 1
2 . For any even constant k,

Pr(|X − n

2
| ≥ n

3
) ≤ ckn−

k
2

As k in (X −µ)k increases we get better bounds. The key idea behind Chernoff bounds
is to get more tighter bounds, rather than looking at polynomials in X like (X − µ)k we
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look at exponential functions in X. Its natural to ask why exponential, why not something
more powerful like ee

X
and all. The answer will become clear as we do the proof of Chernoff

bounds where we exploit some features of the exponential function.
Suppose X1, X2, X3, X4, .., Xn are independent with Xi ∈ [0, 1] and E[Xi] = pi. Let us

define X =
∑

iXi. Now it is easy to observe that

Pr[X ≥ a] = Pr[etX ≥ eta],∀t, t > 0

Now we can apply Markov’s inequality to get,

Pr[X ≥ a] ≤ min
t>0

E[etX ]
eta

Similarly

Pr[X ≤ a] = Pr[−X ≥ −a] = Pr[e−tX ≥ e−ta],∀t, t > 0

Let us now focus on the upper tail and evaluate E[etX ]. By definition X =
∑

iXi,
plugging this in E[etX ] we get,

E[etX ] = E[etX1+tX2+tX3+tX4+..+tXn ]
= E[etX1etX2etX3etX4 ..etXn ]

= E[
n∏
i=1

etXi ]

Here we use the property of exponentiation to express etX as a product of etXi ’s. Since
we know that each Xi is independent the expectation of their product is same as the product
of their expectations.

E[etX ] =
n∏
i=1

E[etXi ]

Since we know that etXi is a convex function and 0 ≤ Xi ≤ 1, the value of etXi in the
interval [0, 1] should be less than the line joining et0 = 1 and et1 = et by the definition
of convexity. The equation of the line joining 1 and et is given by Y−et

et−1 = Xi−1
1−0 that is

Y = 1+(et−1)Xi. So we get that etXi ≤ 1+(et−1)Xi and E[etXi ] ≤ 1+(et−1)[E[Xi] = pi].
Hence,

E[etX ] ≤
n∏
i=1

[1 + (et − 1)pi]

Remember that Arithmetic Geometric inequality gives us the following bound on prod-
uct of numbers ai such that ∀i, ai ≥ 0:
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n∏
i=1

ai ≤
(∑n

i=1 ai
n

)n
Using this fact we get,

E[etX ] ≤
(

1 +
et − 1
n

µ

)n
E[etX ] ≤ min

t>0

(
1 +

et − 1
n

µ

)n

[Pr[X ≥ a] =
E[etX ]
eta

] ≤ min
t>0

(
1 + et−1

n µ
)n

eta

Now we can select a value of t which will minimize
(

1 + et−1
n µ

)n
e−ta. Since

(
1 + et−1

n µ
)n
e−ta

is always a positive value, to minimize this value, it is enough to minimize logarithm of this
value. That is we would like to minimize

ln
(

1 +
et − 1
n

µ

)n
e−ta = n ln

(
1 +

et − 1
n

µ

)
+−ta

Taking the derivative of the above expression with respect to t and equating it to zero we
get, the value of the expression at minimum value of t as(

1 + µδ
n−µ(1+δ)

)n−µ(1+δ)

(1 + δ)µ(1+δ)

where a = µ(1 + δ). We know that (1 + x) ≤ ex. Applying this approximation we get
the following upper bound on the above minimum value as(

1 + µδ
n−µ(1+δ)

)n−µ(1+δ)

(1 + δ)µ(1+δ)
≤

[
eµδ

(1 + δ)µ(1+δ)
=

(
eδ

(1 + δ)(1+δ)

)µ]
However the approximation (1 + x) ≤ ex is a poor approximation when x is large. In

our case x = µδ
n−µ(1+δ) , so x becomes large when n ≈ µ(1 + δ). So we have now obtained

the following bounds for upper tail and lower tail of the distribution,∀δ ≥ 0

Pr[X ≥ µ(1 + δ)] ≤

[
F+(µ, δ) =

(
eδ

(1 + δ)(1+δ)

)µ]

Pr[X ≤ µ(1− δ)] ≤

[
F−(µ, δ) =

(
e−δ

(1− δ)(1−δ)

)µ]

Note that δ in the upper tail bound need not be bounded but δ in the lower tail bound
is clearly bound from above by 1 as all Xi’s are non-negative.
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3.1 Analysis of F−(µ, δ)

In this case 0 ≤ δ ≤ 1. Let us write (1 − δ)(1−δ) as eln(1−δ)(1−δ) . So now F−(µ, δ) can be
expressed as

F−(µ, δ) = e−µ(δ+(1−δ) ln(1−δ))

Now in the above formula if we replace ln(1− δ) with its Taylor series expansion we get

F−(µ, δ) = e
−µ
h
δ2

1×2
+ δ3

2×3
+ δ4

3×4
+...

i
≤ e−µ

δ2

2

3.2 Analysis of F+(µ, δ)

There are three regimes of analysis of F+(µ, δ) based on the value of δ.
Case δ → 0 :
Since in this case δ is really small from the Taylor series expansion we can drop higher

order terms to get the following expression,∀δ, 0 ≤ δ ≤ 1

F+(µ, δ) ≤ e−µ
h
δ2

1×2
− δ3

2×3

i

Case δ = θ(k):
In this case δ is a fixed constant. Now if δ is large, we can see that (1 + δ)(1+δ) is much

bigger compared to eδ, so we can without any harm ignore eδ to get

F+(µ, δ) ≈ e−µδ ln δ

Note that if we put eδ+1 ≈ eδ we get

F+(µ, δ) ≤
(

e

1 + δ

)µ(1+δ)

Another regime is to analyse F+(µ, δ) as δ →∞.

3.3 Connection to Normal Distribution

Example:
Suppose the Xi’s are binary and independent with Pr[Xi = 1] = p . When n becomes

large
Pn
i=1(Xi−p)√

n
→ N(0, p(1− p)) where N(0, p(1− p)) is a normal distribution with mean

0 and variance p(1− p).
Now consider a random variable distributed according to N(0, 1) that is the standard

normal distribution with µ = 0 and σ2 = 1. The probability distribution function for

standard normal distribution is F (x) = 1√
2π
e−

x2

2 . Now

Pr[Y ≥ b] =
∫ ∞
b

F (t)dt

Exercise:
Using integration by parts show that
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(
1− 1

b

)
F (b)
b
≤ Pr[Y ≥ b] ≤ F (b)

b

Coming back to our example, we have µ = np. Suppose X−µ ≥ c
√
n, equivalently X−µ√

n
≥ c.

We consider the event X − µ ≥ c
√
n , that is X ≥ µ + c

√
n. We would like to setδ such

that µ(1 + δ) = µ+ c
√
n. It can be easily verified that setting δ = c

√
n
µ = c

√
n

np = c√
np

serves
the purpose. Now we are ready to apply Chernoff bound.

F+(µ, δ) ≤ e−
c2

2p

From the connection to Normal Distribution

Pr(X ≥ µ+ c
√
n) ≤

F (µ+ c
√
n)

µ+ c
√
n

=
1√
2π

e
−
“
µ+c
√
n

2

”2

µ+ c
√
n


3.4 Application of Chernoff Bounds

Using Chernoff bounds we can prove that BPP ⊆ P/poly. Recall that a language L is in
BPP if there exists a randomized polynomial time Monte-Carlo algorithm A such that

x ∈ L =⇒ Pr [A(x) = Y ES] ≥ 2
3

and

x /∈ L =⇒ Pr[A(x) = NO] ≥ 2
3

To amplify success probability we repeat the algorithm odd number of times and take
majority of answers as the output of the algorithm. Experiment is repeated odd number
of times so that majority is clearly defined. Let us say we repeat the algorithm t times.
Let us define the random variable Xi to be 1 if the answer on ith repetition is YES and 0
otherwise. Let us also define X =

∑t
i=1Xi. If x ∈ L error occurs when majority answers

are NO, that is X < b t2c. Note that E[X] ≥ 2
3 t.

Pr[X <
t

2
] = Pr[X <

2t
3

(1− 1
4

)] ≤ e−
t
48

by applying Chernoff bound. For the case when x /∈ L we can define new random
variables X

′
i = 1 − Xi that is they are 1 if ith answer is NO and 0 otherwise. The same

analysis will go through as the E[X ′ =
∑t

i=1X
′
i ] ≥ 2

3 .
By a union bound there exist a single advice that works correctly for all x ∈ {0, 1}n.

4 Revisiting Chernoff Bounds-Work of Arvind et.al

Let X =
∑

iXi where Xi ∈ {0, 1} and Pr[Xi = 1] = pi. µ = E[X] =
∑

i pi. Its important
to note that in the following analysis we never assumes any independence among Xi’s. Now
∀t, t > 0
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Pr[X ≥ a] = Pr[etX ≥ eta]

Consider the class of functions S0 ≡ 1, S1(X1, X2, X3, X4, .., Xn) =
∑

iXi, S2(X1, X2, X3, X4, .., Xn) =∑
i<j XiXj and so on. That is in general

Sk(X1, X2, X3, X4, .., Xn) =
∑

i1<i2<i3<i4<..<ik

Xi1Xi2Xi3Xi4 ..Xik

Note that X ≥ a =⇒
∑

i Si(X1, X2, X3, X4, .., Xn) ≥
(
a
i

)
, ∀i. Now consider

Pr[X ≥ a] ≤ min
y0,y1,y2,y3,y4,..,yn≥0

Pr

[
n∑
i=0

yiSi(X1, X2, X3, X4, .., Xn) ≥
n∑
i=0

yi

(
a

i

)]

≤ min
y0,y1,y2,y3,y4,..,yn≥0

(∑n
i=0 yiE[Si(X1, X2, X3, X4, .., Xn)]∑n

i=0 yi
(
a
i

) )

Note that if Xi’s are k-wise independent then we can set yi = 0 for all i > k.

• If the Xi’s are independent the bound is at least as good as Chernoff Bound.

• If the Xi’s are independent and we want Pr[X ≥ a], where a = µ(1 + δ), by setting
i∗ = dµδe and

yi =

{
i if i = i∗

0 otherwise

gives us
(

eδ

(1+δ)(1+δ)

)µ
which is exactly the Chernoff Bound. So even when Xi’s are

i∗-wise independent this holds and we get the Chernoff Bound.

• We get similar bounds for almost i∗-wise independent random variables.

• If the random variables are negatively correlated then also we get Chernoff Bounds.

5 Examples of Negatively Correlated Random Variables

Consider n bins and n balls. The balls are thrown into bins at random. Lets define the
random variable Xi for 1 ≤ i ≤ n as

Xi = 1 if ith bin is empty and 0 otherwise. Event bin is empty is same as the complement
of the event that there is at least one ball in the bin. That is Pr [Xi = 1] =

(
1− 1

n

)n ≈ 1
e .

Note that the random variables are negatively correlated as Pr[Xj = 1|Xi = 1] ≤ Pr[Xj =
1].

Lets call the number of balls in a bin as its load. Now it should be apparent that this
experiment could be used for randomized load sharing in a distributed environment, as balls
are analogus to incoming processes and bins are candidate processors which could execute
them. The expected load on a bin is E [X] = 1.

For ensuring fairness in load balancing we would like to find out the following probability,
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Pr[Max.Load on any bin ≥ a]

Let Li be the number of balls in bin i. We want

Pr[max
i
Li ≥ a]

Recall Jensen’s Inequality which gives E[max {X1, X2, X3, X4, .., Xn}] ≥ maxni=1E[Xi]. So
we want,

Pr[∃i, Li ≥ a]

Equivalently what is the value of a such that Pr[maxi Li ≥ a] is “small”. It is sufficient
to show that ∑

i

Pr [Li ≥ a]

is “small”.
Exercise:
Check using Chernoff bound that a = c lnn

ln lnn gives Pr[Li ≥ a]� 1
n .
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