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1 Recent work by Haeupler, Saha, Aravind Srinivasan on
Extending Moser Tardos

Recall that Lova̋z local lemma say that if events Ei are completely determined by a subset
of Random Varibales {X1, X2, X3, X4, .., Xn} then

∀i, Pr[Ei] ≤ Xi

∏
j.i∼j

(1−Xj)

Mozer Tardos algorithm works by picking one bad event which is true arbitrary and
replacing the xi’s its dependent on by re-sampling. The amazing result is that the expected
number of re-samplings is at most

∑m
i=1

Xi
1−Xi

.
Now consider the situation where m = 2n, so here the number of bad events is super

polynomial and checking for a true event is itself super polynomial. The interesting question
here is whether we can get a randomized algorithm for this problem which runs in polynomial
time.Authors show that if you allow ∀i, Pr[Ei]1−ε ≤ Xi

∏
j:i∼j(1−Xi) then a solution can

be constructed in nO( 1
ε
) time. For the refer the paper[4].

2 Randomized Rounding and Derandomization

Suppose you have a minimization problem, let us take an integer program, say vertex cover
problem. A vertex cover of a graph is S ⊆ V , such that every edge has at least one end
vertex in S. Vertex cover problem is to find a minimal cardinality vertex cover. Note
that the complement of any vertex cover is an independent set. This proves that finding
a minimal vertex cover is NP Complete as maximal independent set problem(and all the
vertices which are not in the maximal independent set will form the minimal vertex cover)
can be posed as minimal vertex cover problem in the same graph, and maximal independent
set is as we know is NP Complete.

2.1 Integer Linear Programming formulation

Let us define integer variables xi’s for each vertex in the graph. The vertex cover can be
formulated as

min
n∑
i=1

xi

such that,
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xi + xj = 1, ∀e(i, j) ∈ E[G]

xi ∈ [0, 1]

The solution will be all the vertices which have the value one. Due to above constraints
for each edge exactly one vertex will be having value one, and so each edge is represented
in the vertex cover. And since we are minimizing over

∑n
i=1 xi, we are guaranteed to get

the minimal vertex cover.
Due to the discrete nature of the xi’s problem this is difficult. So rather than solving for

this in the feasible solutions space F we will solve it for a large solution space F
′
, and note

that OPT [F
′
] ≤ OPT [F ] is true as we are optimizing over a bigger space. Now we round

the minimum in F ′ to a point in F , thus obtaining a feasible solution for the problem. So
if we can prove that the rounded figure is at most λ of optimal value in F then we have a
good rounding technique.

For this problem on natural extension is to extend the feasible solutions space to contain
all reals in [0, 1] which satisfy the constraints. In this case a trivial rounding is to round all
x∗i to the nearest integer except for 1

2 which is rounded to 1. Since x∗i +x∗j = 1, at least one
of them is a half. So for each edge at least one x∗i is rounded off to one. Note that for each
i, xi ≤ 2x∗i . So we get a vertex cover of at most twice the optimal.

3 Randomized Rounding-Revisiting Network Flows

Let Pi be the family of given (si, ti)-paths. The goal is to choose one Qi ∈ Pi, so that the
congestion, which is the maximum number of Q′is using any edge, is minimized. This was
motivated by application in VLSI, as in the early 90’s there were components called VLSI
gate arrays, where if an edge in the circuit (termed a “net” in VLSI) is to be shared by two
paths then a layer will be added to the circuit. So the thickness ( the number of layers )
will be the congestion of the equivalent network. Here will use randomization for rounding.

Let Pi = {Pi,1, Pi,2, Pi,3, Pi,4, .., Pil} for each (si, ti), that is there are at most l paths for
each (si, ti).

xi,j =

{
1 Pi,j is chosen

0 otherwise

∀i, j, xi,j ∈ [0, 1]. Let us define W to be the maximum congestion of network. So the
objective function is

min
xi,j∈[0,1]

W

Subject to,

∀i,
∑
j

xi,j = 1
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So that exactly one path is chosen for each (si, ti).

∀e,
∑

(i,j):e∈Pi,j

xi,j ≤W

This tells that the congestion on any edge is at most the maximum congestion. Now
the minimization will choose a minimum W which will satisfy all the conditions that it
minimizes W to a point where further down some edge will have a congestion more than
W , so it minimizes the maximum congestion of the network.

It is obvious that W ≥ 1. Again the obvious LP relaxation is to change this from an
integer linear program to a one on reals. That is we allow xi,j to be any real in [0, 1]. The
rounding technique that we are going to use here is randomized rounding.

Approach :
Let m denote the number of edges in the graph. Now we can prove that,

Pr[load(e) > λW ∗] ≤ 1

2m

Then with the union bound we can show that

Pr[∃e, load(e) > λW ∗] ≤ 1

2m
m ≤ 1

2

And we let Pr[xi,j = 1] = x∗i,j as x∗i,j is a real number in [0, 1] like a probability measure
and we know that ∀i,

∑
j xi,j = 1 so these events form a well defined universe also as

the sum of probability of these events is one. Note that from this rounding(Pr[xi,j =

1] = x∗i,j ) itself we can tell that expected load on any edge is W (E
[∑

(i,j):e∈Pi,j
xij

]
=∑

(i,j):e∈Pi,j
[E[xi,j ] = xi,j∗] ≤

∑
x∗i,j ≤ W ). Note that this is equivalent to balls and bins

problem where balls are Pi,j ’s and bins are e ∈ G. But we want load to be “low” for

all edges with high probability. Even if W ∗ = 1, and we have taken λ = O
(

logm
log logm

)
Chernoff bounds givesPr[load(e) > λW ∗] ≤ 1

2m( Recall that in balls and bins problem

Pr[Load > a0 log β
log log β ] ≤ 1

β ) .

3.1 A generalization by Aravind Srinivasan

This is a problem motivated by application to wide are networks like internet back bone
where failure are infrequent but in case of a path failure, replacement has to be done in
extremely small time of the order of micro seconds. So here we want to pick some ρi paths
from (si, ti) so that in case one path fails we can switch to another very quickly. Again the
objective is to minimize the congestion on the network. For each i, we have an ρi-vector of

values in [0, 1],
(
x∗i,1, x

∗
i,2, x

∗
i,3, x

∗
i,4, .., x

∗
i,t

)
, such that for all i,

∑
j x
∗
i,j = ρi.

To round of efficiently we would like to round a ρi-vector (p1, p2, p3, p4, .., pρi) ∈ [0, 1]ρi

to (X1, X2, X3, X4, .., Xρi) ∈ {0, 1}
ρi with the following three properties,

1. ∀i, E[Xi] = pi

2. Pr[
∑

iXi = ρi] = 1
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3. ∀S ⊆ {1, 2, 3, 4, .., n} , P r[∧i∈S(Xi = 1)] ≤
∏
i∈S Pr[Xi = 1]

Finding such pi which satisfies above three properties can be done by,

• Select two non-negative values pi, pj

• If pi + pj ≤ 1 replace them to (pi + pj , 0) with a probability q otherwise to (0, pi + pj)
with probability 1 − q. Note that the expected value of every co-ordinate in the
ρi-vector is pi.

• If pi+pj > 1 replace by ((pi+pj)
−1, 1) with probability q otherwise to (1, (pi+pj)−1)

with probability 1− q. Again the expected value of each co-ordinate in the ρi-vector
is pi.

It is easy to verify properties 1 and 2. Let us prove the third property. Fix S ⊆ {1, 2, 3, 4, .., ρi},
only interesting case is when both i, j ∈ S. In this case observe that variables are negatively
correlated.

Note that this algorithm can be easily run in parallel as we can find disjoint pairs and
work on them.

3.2 Budgeted Problem

Suppose you have a hypergraph H = (V,E) with n vertices and m edges. And a budget
B is also given. Let us define xi as indicator for choosing edge Si and yj , ∀j ∈ V getting
covered. With these definitions a natural integer programming formulation is

max

n∑
j=1

yi such that

∑
xi = B

∀j, yj ≤
∑
i:j∈Si

xi

It can be easily observed that Pr[j is not covered] = Pr[∧i:j∈Si(xi = 0)] . We know
that they follow negative correlation. So Pr[∧i:j∈Si(xi = 0)] ≤

∏
i:j∈S(1− xi) hence we get

Pr[j is not covered] ≥
(
1− 1

ε

)
yj .

3.3 A more general setting

Suppose you have this linear system

Ax = b

where A is an order m × n matrix.0 < xj < 1, j = 1, 2, 3, 4, .., n. Suppose you have an
under determined system, that is there exists and r such that r is not identically equal to
zero andAr = 0.

Now round a solution x to x + εr or x − δr with probability ε
ε+δ and δ

ε+δ . Note that
with this scheme expected value of x is preserved.
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4 Karp-Leighton-Rivest-Thompson-Vazirani-Vazirani

Suppose you have a linear system like

Ax = b

we would like to round x to {0, 1} vector y such that Ay is not much different than Ax.

Ay = b
′

They proved that if the matrix is sparse and for every column the sum of positive values
is at most ∆ and sum of negative values is at most −∆,then there is an efficient rounding
of b to b

′
such that ∀i, b′i < bi + ∆.

Proof:
If A is under determined then we can find an r such that r is not identically equal to

zero and Ar = 0.
Suppose that A is not under determined, that is m ≥ n. We are going to prove that

if the system is not under determined, then there exists a row i such that b;i < bi + ∆
no matter how we round x. Suppose for a contradiction that there is no such row, then
∀i, i :

∑
j:Aij>0Aij(1− zj) +

∑
j:Aij<0Aij(−zj). Adding this over all the rows we get,

m∑
i=1

 ∑
j:Aij>0

Aij(1− zj)−
∑

j:Aij<0

Aijzj

 ≥ m∆

Now changing the ordering of summands we get

m∆ ≤
n∑
j=1

 ∑
i:Aij>0

Aij(1− zj)−
∑

i:Aij<0

Aijzj

 ≤ n∆

So that implies that n ≥ m but since we started with the assumption that m ≥ n, it
means that m = n. Adding all the rows together we get the zero vector. That is the matrix
is under determined, so there exists a row i such that no matter how we round x we get
b
′
i < bi + ∆. This proves the claimed rounding result as we can progress in this manner

finding rows which becomes invariant of rounding of x and deleting them.

5 Lenstra-Shmoys-Tardos

There are n jobs and m machines, and let Pi,j are processing time of ith job on jth machine.
This models “Unrelated parallel machines”. Here you want ot minimize the maximum load
on any machine.

minW such that

∀i,
∑
j

xi,j = 1

∀i,
∑
j

Pijxij ≤ W
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Here we want a better LP Formulation as the rounded off optimal could be arbitrary
larger than the optimal. For example consider when we know that T is the correct value
then we know that, if Pij > T then xij = 0. Now it is possible to do a binary search on T
to get 2T while rounding [5].

Generalized assignment problem due to Shmoys and Tardos, there is a cost ci,j of as-
signing job i to matching j. And the objective function is to minimize

∑
i,j cijxij . To verify

this all we need to do is to multiply with −T . We can now use the previous result and see
that ∆ ≤ T and we get a solution that is at most twice as bad as the LP makespan and
still the optimum cost.

There is a general area called Discrepancy Theory which deals with problems like this.
There is an by Beck-Chen on discrepancy theory.

5.1 Related Results

This result is due to Beck and Fiala. If it is known that ∀j
∑

i |Ai,j | ≤ ∆ and 0 ≤ |Ai,j | ≤ 1,
one can efficiently round x to y such that Ay′ = b′ such that ∀i, bi −∆ < b

′
i < bi + ∆ and∑

j cjyj ≤
∑

j cjxj .
Rounding:
As long as the system is under determined we do linear algebraical operations. If the

system is not under determined then we know that there exists a row such that
∑

j |Aij | > ∆
and we can drop this row and proceed further.

5.2 Beck-Fiala Conjecture

In their paper[2] they made an amazing conjecture which is still open. That is instead of

∆ in the bounds you can use O
(√

∆
)

, that is there exists a y such that Ay = b
′

where for

all i, bi −
√

∆ < b
′
i < bi +

√
∆.

5.3 Komolos Conjecture

Suppose ∀j,
∑

iA
2
ij ≤ 1, that is L2 norm of every column is one, then the Komlős conjecture

is that there exists C where C is a large constant and there exists a y such that Ay = b
′

and bi − C < b
′
i < bi + C.

Exercise: Prove this is true if Beck Fiala conjecture is true.
There is a result of O(

√
∆ log n) by Beck and Fiala which is non constructive and recently

Nikhil Bansal gave a polynomial time algorithm for this result.
For simplicity we assume that the matrix A is a {0, 1} matrix. In every column there are

at most ∆ ones. Then the claim is that there exists a y such that the infinity norm ||Ay −
Ax||∞ ≤ O(

√
∆ log n) . We will prove a slightly weaker result by replacing O(

√
∆ log n)

by O(
√

∆ log ∆ log n). We want to show there exists y ∈ {−1, 1}n such that Ay = b
′

and
∀i, |b′i| ≤ O(

√
∆ log ∆ log n).

Basic Idea : Is to view the problem as a partial two coloring.
Given two colorings χ1 and χ2 we consider χ = χ1 − χ2 and columns of χ which get

value zero are considered uncolored.
In each iteration select χ1

⋃
χ2 such that,
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1. Hamming distance between χ1,χ2 is a constant fraction of the number of columns.

2. Aχ1 and Aχ2 are fairly close, meaning in each co-ordinate |Aχ1 −Aχ2|i ≤
√

∆ log ∆.

It suffices to show that such χ1 and χ2 exist. To show this we need some basic information
theory.

[Proof to be added later.]
In SODA(Symposium on Discrete Algorithms)-1997 Goldberg, Paterson, Aravind Srini-

vasan and Sweedyk, gave better approximation guarantees for this problem [3].

6 Recommended Reading

• “Six Standard Deviations Suffice” by Joel Spencer[6].

• “The probabilistic method” by Alon and Spencer[1].
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