
Randomized Algorithms July 8, 2010

Lecture 9
Lecturer: Aravind Srinivasan Scribe(s): Sajin, Subhashini V

The agenda for this lecture is to see some applications of Lovász local lemma, specifically
on k-SAT, hypergraph 2-colouring, packet scheduling, domatic number and frugal colouring.

1 Applications of LLL, k-SAT

1.1 k-SAT

Given a set of variables x1, x2, x3, x4, .., xn which are Boolean variables, a k-SAT formula is
a conjunction of m clauses. Each clause in a k-SAT formula is a disjunction of k literals.
A literal is either xi or x′i (complement) for some i. The k-SAT problem is to find whether
a given k-SAT formula ϕ is satisfiable or not, i.e to check if there exists an assignment of
truth values to the xi’s such that ϕ is true.

Simple Randomized Algorithm:

Each xi is assigned True or False independently at random. Now we would like to define the
“bad” events Ei as “ith clause is not satisfied by the given boolean assignment of variables”.
It is easy to observe that

Pr[Ei] =
1
2k

as there is exactly one truth assignment among 2k possible which falsifies a clause of
k-literals. Now we are interested whether

Pr[E
′
1 ∧ ... ∧ E

′
n] > 0

Applying LLL:

If each clause “intersects” (shares a variable) at most D others and e2−k(D + 1) ≤ 1, i.e. if
D ≤ 2k

e −1, then Lova̋sz Local Lemma guarantees that there exists a truth assignment which
avoids all “bad” events, that is which avoids any clause being false, as per our definition of
bad events. Note that the upper bound on D is basically tight, for we consider the k-CNF
formula F with all 2k possible disjunction of k-literals as clauses. F is clearly un-satisfiable,
and has D = 2k − 1.

2 Hypergraph Edge Coloring

A hyper-graph is G = (V,E) , where V is a set of vertices {1, 2, 3, 4, .., n}, and E is a
collection of subsets of V . That is each edge is of the form e ⊆ 2V .

A hyper-graph is k-uniform if every edge has cardinality exactly k.
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2.1 Hypergraph 2-Colorability

Whether the given hyper-graph is 2-colourable or not is an NP-Complete problem. A simple
randomized algorithm for this problem will be to color a vertex red or blue independently
at random. Let us focus like k-SAT, on k-uniform hyper-graphs. We will define the bad
event Ei as “ith edge has all the vertices colored the same”.

Pr[Ei] = Pr[ei colored red] + Pr[ei colored blue] =
1

2k−1
= 21−k

Suppose that each edge “intersects” with at most D others. LLL gives that D ≤ 2k−1

e − 1
suffices to guarantee that there exist a coloring which avoids all bad events, i.e. given hyper-
graph is 2-colourable. Certainly therefore m ≤ 2k−1

e suffices where m is the number of edges
in the hyper-graph as an edge can intersect with at most all the remaining edges. All the
upper bounds onm applies to D also. Erdős raised the following interesting question, “What
is the largestm = m(k) such that every k-uniform hyper-graph withm edges is 2-colourable.
Note that m ≥ 2k−1 − 1 . This is easily obtained by Union bound as follows:

Pr [A random 2 color fails for an edge] =
1

2k−1

Since the hyper-graph H has m edges applying union bound we get,

Pr [A random 2 color fails for H] ≤ m× 1
2k−1

If m ≤ 2k−1 − 1, then probability that a random 2-color fails will be strictly less than
one by above formula.

Let us analyze the lower bound on m(k). We would like to show that m(k) ≤ ck22k.
The idea is to construct a random hyper-graph. That is hyper-graph is a set of m random
k size subsets of V . We will choose |V | ≈ k2 and this is very important. Suppose if we
fix a coloring χ : {1, 2, 3, 4, .., n} → {R,B} on the vertex set. And suppose a vertices are
colored red and rest colored blue. χ is bad if there exists an edge, that is a randomly chosen
subset of {1, 2, 3, 4, .., n}, which is colored mono-chromatically, i.e. either red or blue. The
probability of which is

Pr [Edge e is colored monochromatic] =

(
a
k

)
+
(|V |−a

k

)(|V |
k

) ≥ 2

( |V |
2
k

)(|V |
k

) = p

Now it is easy to see that

Pr[χ is good] ≤ (1− p)m

Note that on vertex set {1, 2, 3, 4, .., n} there are 2n possible different two colorings
possible. So the probability that there exists a coloring which is good is at least,

Pr [∃χ, χ is good] ≤ 2|V |(1− p)m
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For |V | ∼ k2, the number of edges possible for a k-uniform hyper-graph is exactly the
number of different k-sized subsets of |V | , which is at most ck22k. Applying m ≤ ck22k ,
we get

Pr [∃χ, χ is good] ≤ 2k
2
(1− p)ck22k < 1

Which implies that the probability that there exists a hyper-graph H with for which
every χ is bad is strictly greater than zero. Which means that among all possible k-uniform
hyper-graphs there exists at least one with m edges for which all 2-colorings χ are bad.
Which proves that

m(k) ≤ ck22k

Till now we have been using probabilistic methods on problems with an intrinsic existen-
tial quantifier. Note that probabilistic methods on universal quantifiers is another interesting
idea to think about.

Exercise:
This is problem due to R.C.Bose of the BCH codes. Suppose you have a hyper-graph

on n vertices and m edges such that there exists k for all distinct e1, e2 ∈ E , such that
|e1
⋂
e2| = k then show that m ≤ n. One can easily show a case where m = n. Bose proved

that this is an upper bound also.
BABAI - FRANKEL Linear algebraic applications is a good book worth reading.
Earn Strauss (Einstein’s Assistant) made a quote on Erdős that he is a “Prince of problem

solvers but the absolute monarch of problem posers”.
Erdős made a conjecture that limn→∞

m(k)
2k
→ ∞. Beck showed that m(k) ≥ k

1
3 − 2k.

Jaikumar Radhakrishan and Arvind improved it to m(k) ≥ c
√

k
log k2k. The basic idea

behind this improvement is the method of alteration and random permutation.
Algorithm:

• Randomly permute the vertices v1, v2, v3, v4, .., vn.

• Randomly color the vertices as red and blue.(Note that the expected number of
monochromatic edges is

√
k2−k so we expect some mono-chromatically colored edges)

• For i = 1 to n

– If some originally-monochromatic edge that contains vi is still monochromatic
then flip the color of vi with probability p.(Optimal value of p = p(n) ≈ lnn

2n ).

We would like to argue the probability that there is at least one edge that is mono-
chromatically colored is strictly less than one which will essentially prove that there exist
an edge coloring which is good. We will analyze the case of e getting colored red, as the
analysis for blue is symmetric and can be easily deduced. So we would like to analyze

Pr[∃e : e all red at the end] = Pr[ no vertex in e flipped colors]+Pr[some vertex in e flipped colors]
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Let us consider the last flip of a vertex in e that makes it monochromatic. Let this be
u and let f be the originally monochromatic edge in which u occurs, that causes u to be
flipped if chosen. We say in such a case that e “blames” f(Note that in this case |e

⋂
f | = 1).

Pr[∃e : e all red at the end] = Pr[no vertex in e flipped colors] + Pr[some vertex in e flipped colors]

≤ 2−k(1− p)k +
∑

f,|f
T
e|=1

Pr[e blames f ]

We can consider a random permutation of vertices {1, 2, 3, 4, .., n} as each vertex choosing
a random real number x from the range [0, 1] and then sorting the vertices according to their
chosen x value to obtain the permutation. So

Pr[∃e : e all red at the end] ≤ 2−ke−pk +m
∑

S⊆(e−{v})

∫ 1

0
2−kxipi+121−k(1− xp)k−1dx

≤ 2−ke−pk +m21−2kp

As mentioned earlier this is minimized by p = p(n) = lnn
2n . And this shows that m(k) ≥√

k
log k2k. Hence the theorem.
There is an interesting article by the title “Mathematics in India in the 21st centuary”

by Prof. Ramanan of Tata Institute Of Fundamental Research.

3 Slow application of Local Lemma

Rather than applying LLL in a single shot, it is applied to a sub part of the structure and
with the help of LLL it is proved that there exists a good structure in that sub part, then
fix it using Mozer-Tardoz and move on to the next sub structure.

There is an interesting book by M. Molloy and B.Reed by the title “Graph coloring and
the probabilistic method”.

Total Coloring Problem:
Color both the edges and vertices such that no two entities(either a vertex or and edge)

has the same color. Total Chromatic number is represented by χT . Its clear that χT (G) ≥
∆ + 1. Molloy and Reed proved that χT (G) ≤ ∆ + C.

3.1 Analysis of Packet Scheduling with slow version of Lova̋sz Local
Lemma

Leighton-Maggs-Rao in their paper showed that T ≤ O
(

(C +D) log(C+D)
log log(C+D)

)
. We will

show that T ≤ O
(
(C +D) 2o(log∗(C+D)

)
. Let us take L = C = D. So we want to show that

T ≤ O
(
L× 2O(log∗ L)

)
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The idea here is again to assign random delays Di ∈ {0, 1, 2, 3, .., a0C − 1}, but the
events we are going to measure are different. The infeasible schedule has length at most
C + D = (a0 + 1)L. Now divide the time axis into intervals of length logL, that is the
infeasible schedule will be divided into at most (a0+1)L

logL intervals. And we call each of this
interval a “frame”. And by cont(e, F ) denote the total contention on e in the frame F in the
infeasible schedule. Let the indicator random variable Xi,e,F denote the event at frame F
the edge e is used by packet i. So

cont(e, F ) =
∑
i

Xi,e,F

And let Ee,F denote the event that cont(e, F ) ≥ λ. Suppose we can analyze Ee,F for
λ = logL then in a frame F contention and dilation is logL with high probability. Now this
is like a divide and conquer problem where we have sub problems which have paths which
are active during that frame(parametrized on L , having reduced logL). The corresponding
recurrence is

F (L) ≤ (a0 + 1)L
logL

F (logL)

The solution to the above recurrence is,

F (L) = L× (a0 + 1)log∗ L

Its enough to argue that Pr[Ee,F ] ≤ 1
eL3 . Using chernoff bounds this can be easily

argued. Then to apply LLL we have to show that the dependency is at most L3. Once we
have shown that we can apply LLL and get the desired result.

3.2 Revisiting Domatic Number Problem

Domatic Number Problem is to assign as many as labels to the vertices of a graph such that
for every vertex v ∈ V , v

⋃
{Adj(v)} has all the labels. Recall that this is a maximization

problem which is NP-Hard. Let us work with d-regular vertices. That is ∀v ∈ V, deg(v) = d.
We want to prove that Domatic Number D(G) ≤ d+ 1. But unlike last time we will not use
alteration. Rather we would use Lova̋sz local lemma. Let us define the following elementary
“bad” event:

Ev,c = “color c not visible at v”

It is easy to note that Pr[Ev,c] = (1 − 1
χ)d+1 ≤ e

− d+1
χ , where χ is the number of colors

used. Note that the dependence D is, D ≤ d2χ as we are bothered about at most second
level neighbors. We would like to have,

e(d2χ+ 1)e−
d+1
χ ≤ 1

It can be observed that χ ∼ d
3 ln d suffices.
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Now we will use slowed down LLL to show that χ = d
ln d(1 − o(1)) suffices. To ease

the analysis we will view the colors as 2-tuples < a, b > where a ∈
{

1, 2, 3, 4, .., d
ln3 d

}
and

b =
{

1, 2, 3, 4, .., (1− o(1)) ln2 d
}
. Here we will apply the same old algorithm on the first

component and then on the second component. That is,

• Randomly color each vertex first using
{

1, 2, 3, 4, .., d
ln3 d

}
colors.

Note that each vertex expects to see ln3 d copies of each other. Here we are essentially
trying to prune the dependence D by splitting into components. In this new experiment the
elementary “bad” even is:

E
′
v,c = Number of copies of c that v sees is NOT in the range

[
log3 d− 5 (log d)2 , log3 d+ 5 (log d)2

]
Note that the dependency is still d2. And Pr[E

′
v,c] can be analyzed using Chernoff

Bound. Now fix such a coloring and color the vertices for second tuple using colors in{
1, 2, 3, 4, .., (1− o(1)) ln2 d

}
. Consider the bad events Av,(c1,c2) defined as follows

Av,(c1,c2) = v does not see (c1, c2) in its neighbourhood

It can be proved that Pr
[
Av,(c1,c2)

]
≤ 1

d log d as dependency is is at most d log d.

3.3 Frugal Coloring

Suppose G(V,E) is a graph with maximum degree ∆. So χ(G) ≤ ∆ + 1. Frugality of a
graph coloring is the maximum number of copies of any color visible at any vertex. A frugal
coloring for a graph G is a valid coloring for which the frugality is minimum. Arvind et. al
proved that Frugality(G) ≤ O

(
log2 ∆

log log ∆

)
.

The algorithm is like Luby’s algorithm, that is every vertex chooses a color independently
at random from color set {1, 2, 3, 4, ..,∆ + 1}. Remember that in Luby’s algorithm when
there is a collision(that is v and its neighbor u chooses the same color) both the vertices
drops their color. Unlike Luby’s algorithm we use the following symmetry breaking. Suppose
both u and v which are connected by an edge chooses the same color, then the vertex with
the higher ranked label drops the color. It is easy to note that expected number of copies of
a color c that are a visible from a vertex v is at most ∆ 1

∆+1 ≈ 1, as any vertex has at most
∆ neighbors and the expected value that a neighboring vertex will get colored c is 1

∆+1 . By
balls and bins problem we know that for a specific vertex v,

Pr

[
Number of copies of c inN(v) ≥ a log ∆

log log ∆

]
≤ 1

∆a−1

We want to argue that after each iteration the maximum degree ∆ falls by a constant
factor. To analyze this consider

Pr[v is unsuccessful] =
(

1− 1
∆ + 1

)∆

≥ 1
e
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So

Pr [some neighbour of v collided with v] ≤ 1− 1
e

Now let us consider the bad event,Uv

Number of unsuccessful neighbours of v ≥ ∆
(

1− 1
e

)
+ c
√

∆ log ∆

Using Martingale Tale Inequalities

Consider the vertices in the reverse order of the permutation. There are at most ∆2 vertices.
Consider the random variables X1, X2, X3, X4, .., X∆2 and v1, v2, v3, v4, .., v∆2 be the vertices
in the order as they appear in the permutation. Let di denote the number of vertices common
to v and vi. Note that Ci ≤ 2di

∆+1 , and
∑

i d
2
i ≤ ∆3 as each di ≤ ∆ therefore

∑
i

C2
i ≤ O

(
1

∆2

∑
i

d2
i

)

≤ O

(
1

∆2
∆3

)
≤ O (∆)

Now by Martingale Inequalities,

Pr [Uv] ≤ e
−kc2∆ log ∆P

C2
i ≤

[
e−kc

2 log ∆ = ∆−kc
2
]

Now the dependence is ∆2 and Lova̋sz Local Lemma can be applied. This guarantees
that ∆ shrinks by at least 1

e . That is at most log ∆ rounds the graph will be colored and
the number of copies at the end is,

log2 ∆
log log ∆
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